We work over a field K of characteristic zero. The Poincaré series for the algebra C n,2 of GL n -invariants and the algebra T n,2 of GL n -concomitants of two generic n × n matrices x and y are computed for n 6. Both simply graded and bigraded cases are included. The cases n 4 were known previously. For C 4,2 and C 5,2 we construct a minimal set of generators, and give an application to Specht's theorem on unitary similarity of matrices.
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n . It is a well-known fact, due to Procesi [13] and Razmyslov [14] , that the algebra
is generated by all traces tr(z 1 z 2 · · · z k ), z 1 , z 2 , . . . , z k ∈ {x 1 , . . . , x d }, k 1.
This assertion remains valid if one imposes the restriction k n 2 . For these facts and many other known properties of C n,d we refer the reader to one of Refs. [4, 6, 9] and the papers quoted there. Similarly, GL n acts on the (noncommutative) algebra of polynomial maps M d n → M n . Its subalgebra consisting of GL n -equivariant maps will be denoted by T n,d . The algebra C n,d respectively T n,d is known as the pure respectively mixed trace algebra of d generic n × n matrices.
By assigning the degree (1, 0, . . . , 0) to the entries of the matrix x 1 , the degree (0, 1, 0, . . . , 0) to the entries of x 2 , etc., one obtains a Z d -gradation of the algebras C n,d and T n,d . The total degree provides these algebras with the ordinary Z-gradation. In this paper we are mostly interested in the case d = 2. Until further notice, we assume that this is the case and we set x = x 1 and y = x 2 . The simply graded and bigraded Poincaré series for both C n,2 and T n,2 have been explicitly computed for n 4 (see [1, [17] [18] [19] ).
In Section 2 respectively 3 we give the bigraded respectively simply graded Poincaré series of C n,2 and T n,2 for n = 5, 6. For the bigraded case see Theorem 2.2 and Tables 1 and 2. For the  simply graded case see Tables 3 and 4 (and Appendices B and C, respectively). We also show (see Proposition 2.1) that the Z 2 -graded algebra C n,2 has no bigraded system of parameters if n = 5, 6. The numerators of the bigraded Poincaré series of C 6,2 and T 6,2 have 1169 and 854 terms, respectively. For that reason we do not list them in the paper. They will be posted elsewhere.
In Section 4 we construct a minimal set of generators (MSG) of C 4,2 (see Theorem 4.2) which consists of 32 elements of the form tr(w(x, y)), where w(x, y) is a word in the matrices x and y. This problem has been already solved by Drensky and Sadikova [5] , but their generators are not of this simple form. However, they claim that their choice is better suited for finding a presentation of C 4,2 , which is apparently still an open problem. We give an application to the problem of unitary similarity of two complex 4 × 4 matrices.
In Section 5 we construct an MSG, P, for the algebra C 5,2 . It consists of 173 bihomogeneous polynomials.
In Section 6 we identify the space M d n with the tensor product M n ⊗ K d and extend the action of GL n to GL n × GL d by letting GL d act on K d by multiplication. We denote by C # n,d
the subalgebra of K [M d n ] consisting of GL n × SL d -invariant functions. In Table 5 we record the Poincaré series of C # n,2 , n 5. In Section 7 we restrict the action of Table 6 we record the Poincaré series for the algebras C • n,2 , n 5.
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In Section 8 we propose four conjectures concerning the numerators and denominators of the Poincaré series of C n,2 and T n,2 , one more conjecture about the series for C # n,2 and C • n,2 , and state an open problem.
Appendix A gives some details concerning the verification that our expression for P (C 5,2 ; s, t) agrees with Formanek's expansion in terms of Schur functions (see [1] ). Appendix B contains the table of some low degree coefficients of the Taylor expansions of P (C n,2 ; t) for n 12. We also make a couple of interesting observations, and indulge in some speculative thinking. Appendix C treats in the same way the Taylor expansions of P (T n,2 ; t) for n 6. We warn the reader that several assertions and formulae that appear in the last two appendices are of hypothetical character and are included there only as a suggestion deserving further consideration and study.
Bigraded Poincaré series
Let P (C n,2 ; s, t) respectively P (T n,2 ; s, t) denote the bigraded Poincaré series of C n,2 respectively T n,2 . These series are given by symmetric rational functions in the two variables s and t. We can write them in lowest terms as
where we normalize N and D by demanding that they both have constant term 1. These Poincaré series have been computed by Teranishi [17] [18] [19] for n 4. The formulae for the case n = 4 were computed independently by Berele and Stembridge [1] . They corrected several misprints in Teranishi's formulas in [18] .
We have computed explicit formulae for the numerators and denominators for all n 6. For n 5, the numerators N(C n,2 ; s, t) respectively N(T n,2 ; s, t) are given in Table 1 respectively 2. For n = 6, the numerators are huge and are posted on the arXiv. These numerators are symmetric polynomials in s and t, and they satisfy the functional equation 
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where R(s, t) is a polynomial in s and t. By setting s = t = 1 in this identity, we obtain the contradiction m = 0 since N(C 5,2 ; 1, 1) = 0. The proof for the algebra C 6,2 is similar. 2
The denominators D(C n,2 ; s, t) and D(T n,2 ; s, t) are closely related to the product
and N(T n,2 ; s, t) are given by Tables 1 and 2 , respectively. For n = 6 they are posted on the arXiv [3] . For n 6, D(C n,2 ; s, t) and D(T n,2 ; s, t) are given by
Proof. By using the well-known Molien-Weyl formula (see [2] ), we have:
the integration is performed over the unit circles (in the counterclockwise direction), and the variables s and t have small moduli. A similar formula is valid for P (T n,2 ; s, t). One has just to multiply the above integrand by the function
For n = 5 and n = 6 we have computed the two types of integrals by using MAPLE [12] . Each of the cases n = 6 required about two weeks of computing time on a machine running R10000 CPU at 250 MHz with 8 GB of RAM. 2
We have verified independently the low degree ( 25) coefficients in the Taylor expansions of P (C 5,2 ; s, t) and P (C 6,2 ; s, t) by using a formula due to Formanek (see Appendix A).
Simply graded Poincaré series
Let P (C n,2 ; t) denote the simply graded Poincaré series of C n,2 and P (T n,2 ; t) the one for T n,2 . As P (C n,2 ; t) = P (C n,2 ; t, t) and P (T n,2 ; t) = P (T n,2 ; t, t), by setting s = t in the integral formula for P (C n,2 ; s, t) respectively P (T n,2 ; s, t) one obtains a valid formula for P (C n,2 ; t) respectively P (T n,2 ; t). We can write these rational functions in lowest terms as
N(C n,2 ; t) and N(C n,2 ; t, t) may differ because the numerator N(C n,2 ; t, t) and the denominator D(C n,2 ; t, t) may have a common factor. Similarly, N(T n,2 ; t, t) and D(T n,2 ; t, t) may have a common factor. In Tables 3 and 4 we list the numerators and denominators for P (C n,2 ; t) and P (T n,2 ; t) for n 6. For their Taylor coefficients see Appendices B and C, respectively.
Generators of the algebra C 4,2
Teranishi [17] has constructed an HSOP for the pure trace algebra C 4,2 : form an HSOP of the algebra C 4,2 . Table 3 Numerators N(C n,2 ; t) and denominators D(C n,2 ; t) Table 4 Numerators N(T n,2 ; t) and denominators D(T n,2 ; t) However, he did not compute an MSG for C 4,2 . GL 2 acts (via standard representation) on the 2-dimensional space spanned by the matrices x and y. This action induces an action on C 4,2 , which was investigated by Drensky and Sadikova [5] . They show that there is an MSG whose span is a semisimple graded GL 2 -submodule of C 4,2 and they determine the structure of this module. Its Poincaré polynomial is 2t + 3t 2 + 4t 3 + 6t 4 + 2t 5 + 4t 6 + 2t 7 + 4t 8 + 4t 9 + t 10 . Hence, an MSG consists of 32 polynomials. In their paper they do not list explicitly such a generating set. We have computed an MSG of C 4,2 independently: Proof. Our proof is computational. We start with the system of parameters from Teranishi's theorem and consider it as the first approximation to the genuine generating set which we want to construct. Then we compare the Poincaré series of C 4,2 with that of its subalgebra generated by this HSOP. The difference of the former and the latter is a series with nonnegative integer coefficients. We find the first nonzero term, say ct d . This means that we have to enlarge our incomplete generating set by additional c generators of degree d. We then select c words in x and y of length d, whose traces provide these additional generators. We repeat this procedure with the enlarged set of generators, and continue repeating it until we reach the space of invariants of degree 10. After adding the single additional generator in degree 10, we are certain that we have indeed found the full set of generators. This is a consequence of the well-known fact [4, Part A, Theorem 6.1.6], originally due to Procesi [13] , which establishes the connection between the Nagata-Higman theorem and the invariant theory of generic matrices. The total number of generators listed in the theorem is 32. This number as well as the degrees of the generators are in agreement with the result of Drensky and Sadikova mentioned above.
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Let us say that a set W of words in two noncommuting indeterminates x, y is a test set for M n (C) if it has the following property: Two matrices a, b ∈ M n (C) are unitarily similar iff tr(w(a, a * )) = tr(w(b, b * )) holds for all w ∈ W . Such a test set W is minimal if no proper subset of W is a test set. As a consequence of the above theorem, we obtain the following criterion. 
Theorem 4.4. The following 20 words form a test set for

Generators of the algebra C 5,2
Let M n (0) be the subspace of M n consisting of matrices of trace 0 and let C n,2 (0) = K[M n (0) 2 ] GL n be the corresponding algebra of GL n -invariant polynomial functions on the direct product M n (0) 2 = M n (0) × M n (0). Then one has an isomorphism of Z 2 -graded algebras
where K [u, v] is the polynomial algebra in two variables u and v (see e.g. [13, Section 5]). Consequently, the problem of constructing an MSG of C n,2 reduces to the same problem for C n,2 (0). In the remainder of this section we shall assume that x, y ∈ M n (0). In view of the above isomorphism, we have the following obvious relation between the Poincaré series of these algebras: Finally, the set P d consists of the traces of the following 81 words: Proof. Shestakov and Zhukavets [15] have shown that any 2-generated associative algebra (nonunital and over a field of characteristic 0) which satisfies the identity x 5 = 0, also satisfies the identity x 1 x 2 · · · x 15 = 0. Since we are working with only two generic matrices, by invoking a theorem of Procesi [13, Theorem 3 .2], we conclude that the algebra C 5,2 (and C 5,2 (0)) is generated by polynomials of degree at most 15. Let A denote the unital subalgebra of C 5,2 (0) generated by 171 polynomials in our set P. We have verified, using a computer, that for each degree d 15 the homogeneous component, (w(x, y) − w(y, x) ) ∈ P k with tr (w(x, y) ). The only reason for our choice was to make P stable (up to sign) under the involution which interchanges x and y.
Poincaré series for invariants of GL
This is a subalgebra of C n,d . In this section we record (see Table 5 ) the Poincaré series of the algebras C # n,2 for n 5. We write these Poincaré series as rational functions in lowest terms
The numerators are again palindromic. Table 5 Numerators N(C # n,2 ; t) and denominators D(C # n,2 ; t) 
D.Ž. D -oković / Journal of Algebra 309 (2007) 654-671
Once again the Molien-Weyl formula was used. In this case the formula is more complicated:
where
Computations were easy for n 4 but hard (lasting several days) for n = 5. Since C # 5,2 is the algebra of SL 2 -invariants in C 5,2 , the coefficient of t 2k in the Taylor series of P (C # 5,2 ; t) must be the same as the coefficient of the Schur function f k,k in the formula for P (C 5,2 ; t) displayed in Appendix A. It is easy to check that this is indeed the case for k 12, which gives a further confirmation of our formula for P (C # 5,2 ; t).
Poincaré series for invariants of GL
consisting of GL n × Δ n−1 -invariant polynomial functions. This is a subalgebra of C n,d . We record in Table 6 the Poincaré series of C • n,2 for n 5. Write these functions as
, with usual normalization. The numerators are again palindromic. The functions were computed by using the formula:
where P (C n,2 ; s, t) is the bigraded Poincaré series of C n,2 from Section 2.
Conjectures
On the basis of our computations, we propose four conjectures about the numerators N(C n,2 ; s, t) and N(T n,2 ; s, t) and the denominators D (C n,2 ; 
t), D(T n,2 ; t, t) .
All four conjectures are true for n 6. As all coefficients of N(C # n,2 ; t) and N(C • n,2 ; t) given in Sections 6 and 7 are nonnegative, we propose yet another conjecture. some speculations concerning certain limits of the algebras C n,d , which we are going to introduce now. Define the Z d -graded algebra C ∞,d as the inverse limit of and display them in an infinite table (rows indexed by n 0 and columns by k 0). As we know the P (C n,2 ; t) for n 6, we can fill the top portion of respectively, where the p k are the usual power sum symmetric functions:
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The latter formula is indeed valid. As explained in [7] , it follows from the Procesi-Razmyslov theorem that has not been recorded so far in [16] . By using the sequence A070933 and the hypothetical rules mentioned above, we extended the top portion of Table 8 with 6 additional rows. Subsequently, by using Formanek's formula, we enlarged the number of columns to 26, i.e., 0 k 25. This made it possible to compute a few more terms of the sequence (B. 
Appendix C. Taylor expansion of P (T n,2 ; t)
Here we tabulate, for n 6 and k 13, the coefficients of t k in the Taylor expansion of P (T n,2 ; t) and make some interesting observations. Let us define the coefficients d n,2 (k) by
